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TAXIMETRICS COURSE OUTLINE

This course is designed for students in the biclegical and scocial
sciences. |ts purpose is to present to students in these fields some of
the fundamental concepts of modern mathematics and to illustrate the
power of these concepts for more preductive and objective thinking within
their chosen fields. It is not our desire to make mathematicians or even
mathematical techniclans of our students. |f is our desire to expose
tomorrow's students to the precision, discipline and generality of math-
ematical thought. Our higher purpose is less to present the empirical
(scientific) discoveries of the past and more to suggest ways of thinking
about science in the present and future.

The outline presented here is for a five hour semester course of |4
weeks duration of which one week is reserved for testing and papers. The
remaining |3 weeks constitute the 13 units of the outline. The 5 hours of
credit are broken info 3 hours of lecture and 4 hours of lab per week. The
lectures are of a conceptual and methodological nature while the lab is of
a practical and applled nature. The analogue between the conceptual and
methodological principles of the lectures and their application to the
several disciplines represented by the interests of the students will be
made in the lab. Thus the lectures should be given by one more mathematfical-
ly inclined and the labs should be conducted by one more experienced in
empirical science.

The significance of the labs is not %o be minimised. They will provide
a free form discussion/forum environment for the exchange and development
of ldeas especially as they bear on the relation between theory and prac-

tice. Each student will bring fo the lab some problem in data synthesis
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from his own discipline. Lab periods will be spent discussing these several

problems and in applying the principles and concepts of the lectures to

their organization and solution. |t is expected that sfudent data will be

analyzed with computing machines at time appropriate to the development of

the course.
The lectures may be characterized by weeks as fol lows:

. Intreduction. Purposes of the course. History of the develcpment of
the ideas and the need for them.

2. Naive set theory and Booclean algebra.

3. Logic and the propositional calculus. |Its analogue with set theory.

4. Functions and relations

5. Definition of a character and related considerations.

6. Elementary combinatorics and probability theory.

7. What is empirical science. What is mathematical modeling in empirical
science.

8. |Information reftrieval and computing mechines.

9. What is information. How can we measure it. |Information content in a
character.

10. Interdependence and prediction in characters and classificafions

Il. The Graph Theory Model for classification.

12, Interpreting the Graph Theory Model.

13, Other models in classification.
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Recall the two main purposes of the laboratories:
|. To provide an environment for discussion and exchange of ideas befween
students and experienced empirical scientists.
2. To provide an opportunity for student fo apply the concepts of the
course to his own empirical problem in description, characterization, and
synthesis of data from his field of Interest.
The labs might be characterized by weeks as follows:
|. Introductory discussicns developing the history and purpose of the course.
2. Problem and practice sessions In logic and set theory with examples
from the represented fields.
3. Delimiting for each student some problem from his field of interest
to be maintained as his personal example for the remaining labs.
4., Discussing the related problems of data organization and synthesis.
5. Discussion and construction of descriptive characters for each example.
6-7. Description of chosen study by means of characters constructed.
8. Analyse character analysis output.
9. Analyse character analysis output and redefine characters if necessary.
10-11. Analyse graph oufput.
12. Each student presenfs a formal decision and report to the rest of the
class.

13. Reach conclusions and write report.

Detal led content of lectures.
I. Need for principles in biology and social sciences. Early work (Sneath,
Rogers and Tanimoto, Anderson, others). History of the formation and

dave |opment of the present group.

2. Define set (two ways), operators, equivalence,containment,bays formulae, 4
|

product. Discuss axiomatic set theory and confradictions.
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Define propositions and connectors. Truth tables and truth sets.
Quantifiers. Equivalence of connectors and operafors. Necessary and
sufficient conditions. Logical confainment. Schools of proof. Least
integer paradox.

Numbers, binary connectors. Orderings, number systems, relations.
Functions and compoesition.

Equivalence, relations, partitions, definition of character, and
classification.

Counting techniques and enumeration. Probability space disfribufions
Independence and conditional probability.

Induction and deduction. Empirical triangle. Analogues.
Introduction to computing machines. The TAXIR system.

Quantification of information and its relafion to communication and
probability. In function and conditional information. Refinement,
independence and prediction.

Causality and prediction. Simllarity coefficients. Purposes of
classification.

Graph theory model (from our papers}

How to interpret Graph Model| Theory. |ferative procedure.

Other Models: Sokal Michener, Camin Sokal, Wagner et al.

Grading in this course should be based on three factors.
|. The student's enthusiasm and effort as a participant in the course.

2. The guality of sach of two papers describing concepts and their

appllcation (midterm and final papers).

3. The excellence of the empirical solution to the sample problem

as addressed by techniques learned in the course.
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TAXIMETRICS COURSE OUTLINE

This course |s desligned for students In the blological and soclal
sclences. Its purpose Is to present to students In these flelds some of
the fundamental concepts of modern mathematics and to Illustrate the
power of these concepts for more productive and objective thinking within
thelr chosen flelds. It Is not our desire to make mathematicians or even
mathematical technlclans of our students. It Is our desire to expose
tomorrow's students to the precision, discipline and generality of math-
ematical thought. Our higher purpose Is less to present the empirical
(sclentific) discoveries of the past and more to suggest ways of thinking
about sclence In the present and future.

The outllne presented here Is for a five hour semester course of |4
weeks duration of which one week Is reserved for testing and papers. The
remalning 13 weeks constitute the I3 units of the outline. The 5 hours of
credlt are broken Into 3 hours of lecture and 4 hours of |ab per week. The
lectures are of a conceptual and methodological nature whlle the lab Is of
a practical and applied nature. The analogue between the conceptual and
methodological principles of the lectures and thelr application to the
several disciplines represented by the Interests of the students will be
made In tha lab. Thus the lectures should be glven by one more mathematical=
ly Incllined and the labs should be conducted by one more experlenced in
emplrical sclence.

The significance of the labs Is not to be minimised. They will provide
a free form discusslon/forum environment for the exchange and development
of Ideas especlally as they bear on the relatlon between theory and prac-

tlce. Each student will bring to the lab some problem In data synthesls
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from his own disclpline. Lab periods will be spent discussing these several

problems and In applylng the principles and concepts of the lectures to

thelr organization and sclutlon. It Is expected that student data will be

analyzed with computing machines at time appropriate to the development of

the course.

17 1.

8.
I~ 9.

The lectures may be characterized by weeks as follows:

Introduction. Purposes of the course. Hlstory of the development of
the Ideas and the need for them. T2 T

Nalve set theory and Boolean algebra.

Logic and the propositional calculus. |Its analoqus with set theory.
Functlons and relations

Definltion of & character and related conslderations.

Elementary combinatorics and probablilty theory.

What Is empirical sclence. What Is mathematical modeling In empirical
science.

Information retrieval and computing machlnes.

What Is Information. How can we measure It. Information coatent in a

character.

10. Interdependence and prediction In characters and class!fications

y “11. The Graph Theory Model for classification.

12, Interpreting the Graph Theory Model,

13. Other models In classiflication.
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Recall the two maln purposes of the laboratories:
|. To provide an env!ronment for dlscussion and exchange of ldeas between
students and experlenced empirical sclentists.
2. To provide an opportunity for studant to apply the concepts of the
course fo his own emplrical problem In description, characterization, and
synthesls of data from his fleld of Interest.
The labs might be characterized by weeks as follows:
|. Introductory discussions developling the history and purpose of the course.
2. Problem and practice sesslons In loglc and set theory with examples
from the represented fields.
3. Dellmiting for each student some problem from his fleld of Interest
to be malntained as his personal example for the remalning labs.
4. Discussing the related problems of data organization and synthesls.
5. Dlscussion and construction of descriptive characters for each example.
6-7. Description of chosew study by means of characters constructed.
8. Analyse character analyslis output.
9. Analyse character analysis output and redefine characters |f necessary.
10«11, Analyse graph output.
12. Each student presents a formal decislon and report.to the rest of the
class.

13. Reach conclusions and write report.

Detal led content of lectures.

|. Need for principles In blology and social sclences. Early work (Sneath,
Rogers and Tanimoto, Anderson, others). History of the formation and
.deve lopment of the present group.

2. Deflne set (two ways), operators, aqulvulence),wnfalnmen-r,gws formu lae,

product. Discuss axiomatic set theory and contradictions.
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5.

Ueflne propositions and connectors. Truth tables and fruth sets.
Quantifiers. Equivalence of connectors and operators. Hecessary and
sufficlent condltlons. Loglical contalnment. Schools of preof. Least
Integer paradox.

Numbers, binary connectors. Orderings, number systems, relations.
Functions and compos|tion.

Equlivalence, relations, partiticns, definition of character, and
classitication.

Counting techniques and enumerstion. Probabllity space distriputions
Independence and condlitlonal probabllity.

Inductlion and deduction. Empirical triangle. Analogues.
Introduction to computing machines. The TAXIR system.

Quantification of Information and Its relation to communication and
probabllity. In function and conditicnal Information. Refinement,
Independence and prediction.

Ceusallty and prediction. Similarity coefficients. Purposes of
classitication.

Graph theory modal (from our papers)

How to Interprot Graph Model Theory. |terative procedura.

Other Models: Sckal, Michener, Camin-Soksl, Wagner et al.

Grading'in thls course should be based on three factors
|. The student's enthuslasm and effort as a participant In the course.

2. The quality of each of two papers describling concepts and thelr

application (mldterm and final papers).

3, The axcellence of the emplirical sclutlon to the semple problem

as addressed by techniques learned In the course.
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BOTANY 43|
Spring 1968

A set is any collection of things, concepts, processes, etc.

A set is defined by designating what fhings (etc.) are in If. There are two
ways of defining a set.

. List: A list of the things In the set to be defined is given. This
list is enclosed in wiggly brackets,} Y , which are used only to define sets.
e:g. A=%a, b, c, d, e}

A is the neme given to the set of |etters as |isted above.

2. Rule: A rule Is provided which enables us fo test things to see f
they belong to the set to be defined. The definition by rule Is as follows:

A =}x/x is one of the first five letters in the alphabefg‘ .
This is read "A is the set of typical elements, x, such that x is one of the
first five letters of the alphabet."

The first way Is convenient when fhe sef 1o be defined consists of a few
elements, or of heterogeneous elements which do not satisfy a simple rule.
The second way is convenient when the set to be defined consists of a large

number of elements or when a convenient rule exists.

When X is the name of a set, the senfence, a €X, read "a is an element of

the set X," will be frue when a is one of the things defined to belong fo X.

i
When X and Y are names of sefs the sentence, ¥ =Y, read X is a subset of Y,"
will be true when every element of X is also an element of Y; in other
words, "a & X and a ¢Y“ is false.

By convention ¢ denotes the set with no elements. For any set X, ¢ c X,

A

B means A 1s another name for B.

B means A has exactly the same elements as B.
A=Bmeans A &Band B & A.

A set may have for its elements anyfhing - in particular a set may have other
sets for its elements. A set with only cne element is called a singleton;

§af is read "singlefon a."

jad 2.
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|+ X is a set, then the symbol, |x[ , stands for, (is a name for) the number

of elements in X. |X|) Isa number, not a set.

2)( Is the name of a set whose elements are subsets of X.

b =§y/y Is a subset of x §

|2 = 2.

Closed binary operations on sets.

An operation is a proceedure which converts things to other things. Binary
means the operafion converts two things fo one thing.
Closed on sets means the operation converts fwo sets to some other set.

Union, U , is a closed binary operation.
If A and B are sets, then A UB is a set defined as follows:
AU B:ix/x&A or x(—;Bi

Intersect, n , Is a closed binary eperation. |f A and B are sets, then A N B

Isa set.

AN B=§x/x€!\and x&Bf.

Relative complement, —, is a closed binary operation. If A and B are sefs,
then A - B is a set and
A - B‘:fx)‘xé;ﬁ and x+Bf

We may construct complicated names for sefs by combining these operations.
However, whenever ambiguities as fo the order in which operations chould fTake

place, parentheses must be used.

AMBUYC is unambiguous, B U is the name of the set with which A Is

intersected.

(A N B)V C is unambiguous. A () B is the name of the set with which € is unlioned.

afBUc s ambiguois.
Commutativity. A Ve=8uv A, l.e., the symbel may be turned arounc without

changing its value. Thus The operation, UJ , is said to be commutative, Simi-

tarly A () B, A - B is not commutative.
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Distributivity. In arithmetic we know that whenever %, y, and z are numbers,
x(y+ 2Z) = xy + . We say multiplication distributes over addition. We
also know that x +yz ¥ (x + y)lx + z), and we say that addition does not
distribute over mulfiplication. Addition and multiplication are fwo closed
binary operations on numbers. Intersect and union are two closed binary
operations on sets. |t is frue that

I. Intersect distributes over Union: AA(B VY C)

"

(AQB)U(AND
(AUBIN (AU L.

2. Union distributes over Intersect: AU(B 1 C)

Whenever a set S is designated as the tofality of things of inferest fo us
within the context of some consideration, and we wish to work only with sets
which are subsets of 5, i.e. are members of 25, we define ~A to mean S - A,

and we read ~ A asl‘?he comp lement of A A (~A) = Al

Bays formulae |. ~aMNB) = ~alU~B
Z. ~(A V B) A MN~B,

1

Boolean Algebra is the study of the subsets of a set, including fthese rules

for discovering different names for the same set. E.g.

~(C AvB N ~A)) is the name of a set whenever C, B and A are subsets of
some set S. |f we read "=" as "is another name for" the following Is an ex-

ample of manipulations in Boolean algebra.

MCA HBN~AY) = ~(CA~B U A

= ~cc vl ~c 2 AN
v (CA~B) A ~(CA A)
= (~oc UB) A (~e A
~c U e p)

v (C~(B/)=A))

i

"

I+ will not be necessary to become expert at this kind of manipulation but some

knowledge of the rules which permit 1t Is desired.
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Numbers: Natural numbers, ¥1, 2, 3, .... § =1
Integers, ? warm =2 =400 Ve 24 f =Z

Q = Rational numbers = } x/x = %, p&Z2,geZ,qt 0f

(g =Ja[gebraic numbers are numbers which when substituted for "x" in sentences
such as
n n=1 0

+ =

CX'#+C X' #...+CK =0

where Cn, e etc. are Rational numbers, make the sentence true.

n=-|
R = Real numbers = ? r/r is an infinite sequence of integers with one decimal

poTan

There are many types of numbers; for our purpeses, rational numbers will
usually suffice. The following inclusions are frue:

J & Z& Q0 €A R

Numbers as names:

Integers and natural numbers will offen be used by us as names, or labels
or Indices. Here we use only the symbolic and order properties of Infegers.
I+ may be useful, for example, to refer fo 5 sets which we might call ﬁl, ﬂz,
Ass Ay As.

We may denofe these five sefs by A., 1= 1525 cuey D0
More abstract|y we may wish to refer to n sets where n is an integer. In this

case we write ﬂl‘ =] 2y et
This notation is useful In expressing repeated operations, e.g.
5

AU A, U R U A, UA;  may be written U A

=1 !

5
Similarly, _(]aT. We may now express Bays formulae more generally as:
i=1

n
and =\t Ay o= n<VA
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Bot 431 5;

We must be careful not fo confuse the numerical prpperties of Infegers with
their naming and sequential properties. You may be amused by a "proof" which

was once submitted to me by a student.

B
ABCD is a parallelogram. The numbers
1, 2, 3, 4 are used here as names for
angles ABD, ADB, BDC, and DBC, respective-
ly. We want to prove angle ADC is equal
in magnitude fo angle ABC. The "proof"
D C goes as fol lows.
£2 = £4 Alternate interior angles
230 =0 il Alternate interior angles

ADC = £2 +43 = 45
ABC = L1 +£4 = £5

ADC =£5 = AEBC.

This student's confusion should be clear.

Product: :l( Product is a closed binary operation on sets, defined as fol lows:
A and B are sets.
n}( B = §(a,b)/acAandb€B 3.

This is read'the product of A and B Is the set of pairs, (a,b) such that a

is an element of A and b 1s an element of BY The elements of A )ﬁf B are

ordered pairs of elements. In our discussions (a,b) Is not 2 set. In par=
ticular (a,b) % § a,b%.
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Prooositlonal Calculus

In our-exsninetion of puive set theory we concerned ourssives with &

§l class of Things called sets, and with some closed operations (unary and binery)
i en this class. The result was Booleen Algebra. We now wish 1o examine tha
clssz of propesitions (sentences which assert somefiing), tegsthar wilth sone

closed oparations on this class.

Exomp [es of propositions: el
The sun is shinlng., Bot 431 is great, . .‘i

L

Ws will concern oursalves with one unary operalisan and four binary operations. ] ‘.‘-'
They ara: —

1. o~ "not" or "It is not the cass that" Unary

It Is not the case tThat ths sun is shining, or The sun Ts shining.
2. A ond. Binery. The sun s shinfng and Bot 431 is great. |
3. “for. Binary. The sun Is shinlng or Bot 43| is greatv.
4. & means. Binary. The sun Is shinlng meaps Bot 43| is great. .
5., = Implies, Blnary. The sun Is shining implies B 43) is greaut.

0t tha four binary operations, 2, 3, 4, 5, only =, implles, 15 pot comufative,

It Is often conveunlent to hove symbolic names for sentences. Letters are
usut(ly used. Let p, g, and r ba nemes of sentences. ~p, pA G, pV a,
p €4, p->q 'would then beccme names for other sentences.

Statemonts bullt from other.statements by means of these operations ara
called compound statements. The truth oﬁ:mwnd statement depends cn The
+ruth of The stetements that compose iT. A conventlon known ss truth tables
Il lustrates this well, The cperators themselves are definad using fruth fablss.

A compound statement made up of enly one propesition, such 8s ~op, has
afruth dable as shcwn.
Truth of p | Truth of ~p
F
E K

=i

There iz & column for p, where is enfersd the possibilitiss For The truth of

B, from' which Tthe Yruth of not p is detsrmined,
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Tz of o' and commeciors o oparat

This pracedant annbies us 1o writo

Hore each column iz four syibols nFab o

truth of q. In the conter colum,
Bo antered the fruth of the compeund
as shoun beloe.

Wﬂ‘!gh'r pn'm Philn: oo ﬂsflams' in 'Kl\il:ll tha sentences p, o, rr:wld be ﬁ'un ll
n_;:rn 14»
e calinrg ..:sr ko buiit.
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got 431

‘Wacessery and Sufficiant Conditlons.

'»ny fhet q is necessary for p. 1§ Pand 0 are The Truth m
P & Q o &

' ;muhm 0‘=P. Ifﬁnndqmenn'fhesmﬂﬂ_
- for p and q 15 pecessary for p, gE P 02F 'nm
" p Is sufficient for q whapevar q [s mms&wwrp. '

—

.!‘f. q is nocessary and s #ficient forp, q i
- ot p or scnetlnes an aquif.wé_mgnt of p.

_I_____',_-'__,_' ,._',_.JT_ =
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A relation on a set may be thought of in many ways. Formally, a relation,
R, on & set A is a subset R of A )( A. In other words, a relafion R en the
sat A is a collection of ordered pairs (a, b) with a<€ A, and B € A. Ramarn-
ber (a, b) % (b, a) 3 fa, b} . Less formally a relation may be thought of
3s a rule which tells when two elements of A are related.
Example: A = fx/x is an Integer}
R = '"Is divisible by"

6 R 3 may be read: 6 is divisible by 3.

6 R 3 Is 2 true sentence. We say that (6, 3) is in the relation R. |f we
think of R S A X A we may say

(6, 3 € R.

I1IZR 5 Is a faise sentenca, and we may write (12, 5) +.R.
Example: A= fx/x Is a student of B 43/}
R ="Is taller than"
Bob R Suzan Is a trus sentence. (Bob, Suzan) < R,

Properties of Relations

vl

Reflexlve: R is reflexive on A If @ Ra s a true seetence for all a€ A,

Symmetric: R is symmetric on A If a R b b R a Is a true sentence for all
> and b in A.

Antlsymmetric: R Is antisymmetric on A If (a R bAb R al—>a =b Is a true
sentence for all a and b |n A.

Transltive: R is transitive on A If (aRbA bR c)=>a Re Is a frue sentance
for all a, b and ¢ |n A,

Partla) Order: R is a partial order for A if R is Reflexlve, Antlsymmetric
and Transitive on A,

Linear Order: R is a linear order for A If R Is a partlal order for A and
(a, b, InA)=>(aRbBVDbR al) is a frue sentence.

R Is an equlvalence relation on A If R Is refloxive, symmatric and transitive
on A. An equivalence relatlon Is a generalization of "=,

A partition ior A Is a Set of Subsets of A, {C’, 02, Sy Cnf with two properties:

I Cl = A (exhaustlva)
e

L
2.0 1) c, = D If 1 4] (oxhaustive)

A partltion for A defines an aquivalence reletion, R, on A as fol lows:

@R b Is true whenever a and b belong "a the same member of the partition and
false otherwlise. The members of a partlitlon are callad the clesses of the
partition,
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Conversely, avary equivalence relation R, on A, defines & partition of A,
The classes of this partition are called the egulvalenceclassas of R.
A classlflcation for A Is a series of partitions P‘, P2, ey Prn for A such
that If Ci is a class In Partltlon | then for J > 1, there ls exactly ona
class C; Tn Partition J such that C; = Cy = $ and all other classes D; In
Partition ] are such that C, - DJ # CI.

In other words a classification for A |s a series of Equivalence Relatlons
for NFli, Ry «es R,, such that

RmO Ry D ose D Ry D Ry

A Functlen Is three things,

. A sef called the domaln of arguments of the function.

2. A set calied.the range of values of the function.

3. A rule which assoclatas with each member of the domaln a uniqus
member of the range.

Notation. Sometimes the rule Is symbolized with a letter, Ilke ¥, in which case

whenever a symool, Ilke "a", Is used for an argument, f(a) stands for the
value which the rule f essigns to "a".

A character for a Study S of objects to be classified Is a function with
t. Domain S 3
2. Range @ smal! (less than & dozen or so usually) set of descripiions

3. A rule which assigns to esch object In § the value In the range
which best describes It.

This very general definltion of a character gives you much structural
freedom In defining characters. However, this means thal you are responsibie
for developlng a good tectinlgue to take advantage of thls freedom.
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Functions

I. A relation F is a function if [{a,b) & F and (a,c)eF= b = c] is true.

Suppose a relation F Is a function.

Then . D= ix/x Is the first member of some element of F; Is called the
Domaln of arquments of F  and
2. R= Zx/x Is the second mesber of soma 2lement of F§ is called the
Ranga of valuss of F.
I1. Another definitlon of function Is: A function, f, Is three things
| I. a set D called the Domaln of arguments for S
ii. A set R called the Range of values of
1il. A rule which associates with every eiement of the Domain some unique
element of the Range.
If £ Is a function and a Is an argument then f(a), read "f of a" is a symbollic
name for the value which the function f asscciates with the argument a.

Let f:D-»R be a functlon. This notation means that D Is the Domalin,R Is the rangs
and f Is the symbol for the functional association.

Suppose A S D, by f(A) we mean g x/for some a€ A, fla) = x{\ f(AJER and |s
called the image of A under f. f Is sald to be onto R is f(d) = R, Otherwise

f is said to be into R.

|

Let £ be a function In the relation sensa. Then ¥ ' Is the relation:

(a,p) € ' & (b,2)6 ¢.
The Inverse of f is f '. Whenever both f and f~

f is one-to-one. Otherwise we say that f is many-to-one.

/ are functions, we say that

Functional Composition.
If f:0->R, and g:D'—>G' and R € D' we may define a new function g F:0 >R'
as follows: g o Fix) = g(‘f(x)}.

= A if #is | = | then f“‘of () = tof (x) = x
Any functlon, I for which Tix) = x for all arguments x In Its domain Is called
the identity function, ' Of = I.

Whenever B SR and £:D =R we may deflne f"(B}E D even It f is not I=1.

« =§x/f(xle Bg is called the inverse image of B under f.

If £ :D-2Rand R = ; Tie Tps seer rni then the collection of subsets of D
¢l §r,} ), =1, 2, ..., n Is a partition for D.
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STRUCTURE OF A CHARACTER

{. A charactar ls a bauls for comperlson together with & rule for decld-
ing whan any fwo oblacts In the study are simllar or different with respect fo
the basis for comparison In oguestion. This rule s an equivalence relation the
equlvalance classes of which constlifute the states of the charactar.

2. A Character Is a classification of the s‘i-udv based on a single critericen.

3. A Character ls a function, f, with Domain the study to be described, and
with Range a small set of descriptions. The rule f assoclates with each object
In the study the description In the range which best describes it. The respec-
tiva Inverse images of each desc-iption In the range constitute the states for
the character.

. INFORMATION . Any system which, at any glven time, may exist In one of a number ‘ﬂ
. of d_isﬂncf states contains Information proportional to how difficult It is to

guess the unknown state of the system without actuelly observing it. Information
quentity is measured In units of yes-no questions. |f the guesser ssked one who
knew about the system In question encugh yes-no questions to discover the unknown
. state, and if the questions were asked In the most clever way possible, the
information Tn the system would be squal In guantity to the average number of
such yes-nc questions asked.

There are two things which determine this number of yes/no questicns (l.e.,
the quantity of information In & system). These are
t. The number of possible states for the system
o 2. The probability with which any of these states is known fo actually occur.

Any system whose states are known and for which the probebliity of those states
are 2lso known admits a quantification of its Information. If K symbolizes such
o 2 system H(K) will represent the smount of Information In thet system.

INFORMATION IN A CHARACTER

In order to measure the Information content of a character It Is nacessary fo
Interpret that character as an Information containing system. Think of a cheractar
»cii in the function way with the study as the domaln and a small set ot descriptions
+ as the renge. The states of the character become the states of The system when
the character Is viewed as a system.

Let the character be called K and Iet l-(I represant the first state, KZ the
second sfete, etc. The probability of K, is IKlII 1S1, the probabllity ot
H? Is Iﬁ?r / 151, etc. We may now express (symbollze) the Infenmmation In

character K as HIK).
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_Dapandenca of Information Confaining Systen

Assume wa have two Informatlon contalning systess, The flrst a falr céin
with two states, head and teils, and the second a falr dlie #ith six states,
ane dot, iwo,dots, ..., and six dots. If we fiip The coln and roll The die

and observe the coln It dossn't halp us guess about the die. Simblarily ohser-
ving tha dle does not help us guess about the coln. |In cases such as This for
which observing one system does not help us gusss aboul some ofher systom, we
say tha two systems are Independant. They do npot Influence sach other.

Any 4wo systems which are such that cbserving the state of ona helps us
to guess the state of the other are called depandant.

Let A and B be systems. Let A heve n possible states and lef B have m
possibla statas. By the cartesian product of the two systems, written A 3 B,
we mean the system with m.n states each of which Is an orderad pair, (a,b) with
"a' a state of A and "b" a state of B.

If A and B are Independent systems than H(A) + H(B) = HMXBI. This
means that It takes as much information to determine the state of A and the
state of B separately as it does to determine both states at onca, This Is
because knowledge of A does not heip us guess about B. If A and B were depen~
dent then knowledge of A would help us guess about B. In this case H(A) + HIE)
7H(!\XB) becausa on The left we must discover the states of A and B separ-
ately while on the right after discovering the state of A, we now find T
easler to discover the state of B. Since, on the right, wa still must at
{east discover the state of A, we know H(!\X B8) = H(A), and H(AX B) = HIB).

The symbol H(A/B) measures how difficult it Is to guess A after cbserving
B. |f A and B are Independent H(A/B) = H(A). Thils seys that It is jJust as
hard fo guess A sfter observing B ss befora which is what Independent means.

Inigeneral: - uiasmy = HAM B) - H(B).

R(A,B) may be thought of as the amount of Information In common between A and
B. R(A,B) = H{A) + H(B) - Hm)(m. From thls 1+ should be apparent that
R(A,B} = R(B,A).

We may now envision Information In what is called (by me) an heuristlic
information space. In this space we reprosent Informetion as subsets. Set X
corresponds 1o the Information In A. Set Y corrasponds to the Information (n
B,
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/B) = X-Y

i O N (A, B)
X Y he
(:::::Ei:g:::::) H(AX B) = XUY

As an indlcation of dependence we defline

HIA/B) + HIB/A)
D(A;8). = HUAS B)

D(A,B) = 1 1f A and B are Independent.
1f HIA/B) = 0, then B Is a refinement of A. [n The heuristic Informatian
space, Y =X.
1# H(A/B) = 0 and H(B/A) = O, then A and B are Identical. In the heuristic
information space XS Y and Y= X and thus Y = X,
D(A,B) = 0 only 1§ A =B for A is ldentical with B).
in general 0% D(A,B)=1 and this Indicates the axtent of the dependance.
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Relatlons (Continued)

Racall a relation R on S Is
I. A subsetof SY S, RESHS or
2. A rule "is related to" |If a,b are each In S, (a,b) & R whenever

"s Is ralated to h," Fs true.

The Graph of a Relatlion
Any relatlon can be represented by a directed graph. Arrange the alaments

of S In a convenfent way; connect & fo b with an arrow from a To b whenever
{a,b) € R

1% R |s symmetric (a,b) € R—>(b,a) € R In which case the two arrows betwean
s and b may be replaced by a single llne.

g If R 1s reflexlve then (a,a) € R % ae 5. In thiscase the lcoped arrow
which corresponds to (a,8) may ba omitted,

1# TSS and R a relation on § Then we may define & relation R' on T in 2
natural woy. (a,b) € R' whenever 2 € T, b€ T, and (a,b)€ R. T is sald 7o
Inherl+ I4s relatlon from the relation R. MNotice that R'E R& §XS so that
R' may ba Thought of as = ralation on S as well.

Let G be the graph of the relatfon Ren 8. Let T€ 5. Let G' be the graph
of R' on T where R' Is the ralatlon which T Inherits from R. Then G' Is called
a subgraph of G.

Closures of a Relation

Let R be a relatlon on S. O Is larger than R 1§ 101> IRl. Notice that
1f Q2R then Q1 > IRI.

The reflexive closure of R Is the smallest reflexive relation Q such that

R<Q.
4 R falls 1o be reflexive on § 1f there Is some a&€ S such that ta,a)¢ R.
':3 Thus the reflexlve closure of R Is R fogether with just enough additlonal palrs

of tho form (2,a) to make this new relation reflexlve.

The symmetric closure of R Is the smallest symmetrlc relatlon @ such that 1= R,
The transltive closure of R is the smallest transitive relatlon Q such that
Q=2 R.
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Connectad Graphs
Let R be a relatlon on S. Two elements a,b of S are sald To be connactad
If Thera Is a sequence
a= p, Py D5y wee B ™D
of slemants In S such that
Py R Prag for 1=}, 2, ... =l
Such & sequence witl be called 3 chaln from a fo b.
The graph of a symmetric relation on S Is sald fo be connecied If any two

elements In S are connected.

Let G be the graph of a relation on S. Let G' be a subgraph of G. Let
p be the statement "G Is connected” and q be The statement”G' Is connected."
None of the followlng statements are true in all cases.
P A9
pPA~q
~PA G
~PA~g
Let G' be connected. |f every other subgraph H,of G, such that H26" Is not
connected, then G' Is a maximal connected subgraph of G. (G' Is sometimes
called a componant of G.)
If 6 is the graph of a relatlon R on S then the maximal connected subgraphs
of G partition S. In This wey each relation R on S corrasponds to an equlv-
alence relatlon on S. Thils equlvalence relatlon will be the symmetric,
reflexive, transitlve closure of R, and Iis equivalenca clesses wil| bs the
maxima!l connecied subgraphs of the graph of R.
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A relation on a set may be thought of in many ways. Formally, a relatlon,
R, on 2 set A is a subset R of A 3( A. In other words, a relation R on the
| set A is a collection of orderad palrs (a2, b) with a< A, and B e A. Ramem~
! ber (a, b) % (b, a) 3 is, b} . Less formally a relation may be Thought of
35 a rule which tells when two elements of A are relatsd.
Example: A = fx/x is an integer}
R = "is divisible by"
{ 6 R 3 may be read: & Is divisible by 3,
| 6 /3 Is a true sentence. We say that (6, 3) is in the relation R, |¢ we
think of R A X A ve may say
(6, 3) € R.
I2R 5 Is a false sentence, and we may write (12, '5) *R.
Example: A = fx/x is a student of B 431§
R ="Is taller +han"
Bob R Suzan Is a trus sentenca. (Bob, Suzan) € R,
Properties of Relatlons
Retflexive: R is reflexive on A If aRalsatrue seetence for all a € A,
= Symmetric: R is symmeiric on A If a Rb->bRalsa true sentence for all
| and b in A.
i Antlsymmetric: R ia antisymmetric on A if {(a R bAbL R al—>a = b Is a true
sentance for all a and b In A.
Transltive: R is transitive onAif faRbAbRe)>aRe Is & True sentance
for all 2, b and ¢ In A.
Partlal Order: R is a partial order for A 1f R s Reflexive, Antisymmetric
and Transitive on A.
_ Linear Order: R is a linsar order for A iI¥+ R Is a partlal order for A and
- ? {a, b, InA) > (@RBVDRaA Is a true sentence.
& 4
i R Is an equlvalence relation on A If R I= ref lexive, symmatric and Transitive

on A. An equivalence relatlon Is a generalization of "a",

A partition for A is a Set of Subsets of A, fCI, C2, At Cni with two properties:

"
i .b:C] = A (exhaustive)
i

2. 6 OC = Pt 1 4] (oxhaustive)

A partltion for A defines an aquivalenca relation, R, on A 2s fol lows:

2 R b Is true whenever a and b belong to fhe same member of the partition and
false otharwise. The gembers of 2 partition are called The closses of the
partition,
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Convsrsely, every equivalence relation R, on A, defines & psrtition of A,
The classes of this partition are called the equivalenceclasses of R.
A classiflcation for A Is & series of partitlons Pl’ P?‘ Teiky F'm for A such
that 1f C[ is a class In Partltion | then for } > 1, there |ls exactly one
class C. In Partition J such that cl - CJ = t}l and 2ll other classes Dj In
Partition ] are such that cl - Dj © GI.

in other words & classification for A Is 2 series of Equivalence Ralations
for A:Ri, Rz .++ R, such that

R 2 Rygay e ) Ry 2 RI'

A Functlen Is three things,

1. A sel called the demaln of arguments of the functicon.

2. A set called the range of values of the function.

3. A rule which assoclates with sach member of the domaln a unique
mambar of the range.

Notatlon. Sometimes the rule Is symbolized with a letter, llke #, In which case
whenever a symool, [lke "a", is used for an argument, f(a) stands for the
value which the rule f asgigns to 'a".

A character for a Sfudy S of objects fo be classifled Is a functlon with
I. Domain S .
2. Range a small (less than a dozen or so usually) set of descriptions

3. A rule which asslgns To each object In S the value In the range
which best describes 1T.

This very gsneral definition of a character gives you much structural

freedom In defining characters. However, this means fhat you are responsible
for developlng a good technlque to fake advantage of Thls freedom.
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-_I_._“*\ relatlon F Is o function If [(a,b) & F and (a,cleF=> b = ¢] Is trua.
Suppose a relation F is & functlion,
Then 1. D = §x»’x Is the first rember of soma element of FE’ Is called the
Domaln of arguments of F and
2. R= fx/x is the second membar of soma alement of Fi Is called the
Range of values of F.
Il. Another definition of function is: A function, f, Is three things
I. asetDcalled the Domaln of arguments for 5
I1. A set R called the Range of values of f
1il. A rule which associates with avery element of the Demain some unigqus
elemant of the Range.
if £ Is a function and a is an argument then f(a), read "f of a" is a symbolic
name for the value which the function f associates with the argument a.

Let f:D=R be a function. This notation means that D is the Domain,R Is the range
and f is the symbol for the functional association.

Suppose A €D, by f(A) we mean g xfor some a€ A, fla) = xf. f(AJER and Is
called the Image of A under f. f Is sald fo be onto R is f(d) = R. Otherwise

f Is sald to be into R.

Let f be a function In the relation sense. Then f  Is the relation:

5 et @ v,a6t.
The Inverse of f is f"'. Whenever both f and f  are functions, we say that

f Is one-to-one. Otharwise we say that f is meny-to-one.

Functional Composition.
1f f:D->R, and g:D'—>G' and R = D' we may define a new functlion g F:0 >R’
as follows: g o F(x) = g(tGa).

1 fis 1 =1 then t7'OF (x) = fof 'tx) = x.
Any function, I for which T(x) = x for all arguments x In Its domain Is called
the Identity function, £ 'Of = I.

Whenever B SR and £:0—>R we may define f '

(B)S D aven if f Is not I-1.
f-I{BI =§x/f(x)e B? Is called the inverse image of B under f.
1f #+:D->Rand R = ; Fy» Tgs ooy T §  then the collection of subsets of D

Tl fri}o. r=1,2, ..., n is a partition for D.
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A choracter is a basis for comparison together with a rule for decid-

ing when any two objects In the study are similer or different with respect 1o
+he busis for comparison In ocusstlon. This rule Is an equivalence relaticn the
equivalence classes of which constitute the stales of the character.

2. A Character is a classificatlion of tha study based on a slngle erltferion.

3. A Character is a function, f, with Domain the study to be described, and
with Range & small sef of descripflons. The rule ¥ assoclates with each ob juct
tn the study the description in the range which best describes Ih. The respsc-
tive Inverse Images of each descriptlon In *he range constltute the states for
‘the charecter. '

INFORMATION. Any system which, at any given Time, may exist In one of a pumbar

of d_!sﬁncf states contalns Information proportional fo how difficult it Is to
quess the unknown state of the system without actually observing If. Information
quan.ﬂfy is measurad in units of yes-no quastions. If the quesser asked one who
knew about The system in question enough y=e-no questlions to discover the unknown
‘state, and If the questions were asked In the most clever way pessible, ihe
Informatlon in the system would be equal In quantlfy to the sverage number of
such yés=no questions asked. I
There are two things which dotermlne this number of yes/no questions (1.e.,

the quantity of information In a system). These are

1. The number of possible states for the system

2. The probabi ity with which any of thess states Is knokn to sctuslly occur,

Any system whose states are known and for which the probabliity of those states
are also known admits a quantificetion of Its Information. If K symbolizes such
a system H(K) will represent the amount of Information In That system.

{NFORMATION IN A CHARACTER

in order to measura the Information confent of a character It Is necassery Yo
In*a'rprej‘ that character as an Information contalning system. Think of a character
in the function way with the study as the domzin end & small set of descriptlons
as the range. The stetes of the character become the states of the sysvem when

the characier ls viewed as & system.
ket fhe character be czlled K and let K represent-tha first stafe, K; the

second state, eftc. The probability of K, Is I%(ilf IS1, the probabllity of
KI Is 1,1 / 181, etc. We may now express '.'E\,'n't.-tuil:'.‘-:sl.!'h(- Information in
character K as H{K).

Digitized by the Hunt Institute for Botanical Documentation




Dependence of Information Containing Sys

Assume wo have two Informetion contasinlng systems, the First & falr coia
- with two statas, head and talls, and the second a fair dia with six staies,
one dot, two,dots, ..., ond six dots. |f wa filp The coln and roll the die
and observe the coln It dossn't help us guess sbout the die. Similacly cbssr=
ving the dis does not help us guess about the coln. |In cuses such as Thils for
which observing cne system does not help us guess about some other system, we
say the Two systems are Independent. Thay do not Influence aach cther.

Any two sysfems which are such that cbserving the state of one helps us
' ‘fo quess the state of the other are called dependsni.
i _‘ Let A and B be systems. Let A have n possible states and lef 8 have w
possible states. By the cartssian product of the two systems, wrliten A )( B,
we mean the system with m.n states each of which Is sn orderad pslr, (a,b) with
"al 5 state of A and "b" & state of B.

If A and B are Independent systems than H(A) & H(B) = HAJKBY, This
means that 1+ takes as much information to determina the state of A and the
! state of B separataly as It does to determine both states at oncs. This Is
i because knowledge of A does not help us quess about B, [f A and B were dapen—
il dent then knowledge of A would help us guess about B. In this case H(A) -+ HIB)

:’E >HAXB) because on The left we must discover the stetes of A and B separ-

,--;\:" ately while on the right sfter discovering the state of A, wo now find I+
:_ easler to discover the state of B. Slnce, on the right, we stil! must at
least discover the state of A, we know H(AX B)Z HIA), and  H(A X B) = HB).
The symbol H(A/B) measures how difficult it Is to guess A after observing
B. 1f A apd B are Independent H{A/B) = H(A). This says That It is Just as
A hard 1o guess A after observina B ss befora which Is what Independent means.

AR erarnl: HIA/B) = H(AY B) = HUB).

R(A,B) may be Thought of as The amount of Information In common between A and

B. RtA,B) = H(A) + H(B) - H(.’\){Bi. Frem thls 1T should be apparent that

RIA,B) = R(B,A). .
We may now eavision Information (n what Is called (by ma) an heuristle

information space. In This space we reprasent Information ss subsefs, Set X
corresponds to the Information In A. Sat Y corresponds ‘te the Informaticn In
B.
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R(A,B) = XNY

i ¢ N HA/B) = X =Y
H(AX B) = XUuY

As an indlcation of dependence we deflne

_ H{a/B) + HIB/A)
D{A,B) = FEAY 8)

D(A,B) = 1 if A and B are Independent.
£ H(A/B) = 0, then B is a refinemeni of A. In the heuristic information
speca, Y =X,
¥ H(A/B) = 0 and H(B/A) = 0, then A and B are ldenfical. In the heurlistic
information spece XS Y and Y S X and thus Y =X,
DEA,B) = 0 oniy if A = B (or A Is léantical with B).

In gensral 04 0(A,BY=1 and this Indlcatos the extent of the dapendence.
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Relations (Conilnued)
Recall a relation R on 5 Is
{. A subset of SKS, RS G\fé’ S ‘or
2. A rule "is ralated oo If a,b are sach In S, (=2,b) € R whenaver

a 1s related to b." is true.

The Graph of a Refation
Any relation can be represanted by 3 dlrected graph. Arrange the alements

of S In a convenient way; connsct a to b with an arrow from a To b whenever
(a,b) <= R.

¥ R is symmétric (a,t) € R—=>(b,al& R In which case the ftwo arrows batwesn
& and b may be replaced by a singie llne. '

If R Is refiexive then (a,2)€ R % ae S. In thigcase the !coped arrow
which corresponds to (&,8) may be omltied.

I# TSS and R a ralation on § then we may deflne a relatlon R' on T In a
natural way. (a,b) € R' whenever a e T, b€ T, and (a,bl€ R, T is sald To
Inher!+ Its ralation from the relatlion R, Notice that R'E RS S}(S so that
R' may be thought of as a ralatlon on § as well.

Let B be the graph of the reletion R on §. Let T& 5. Lot G' be the graph
of R' on T whera R' Is the relatlon which T Inherlts from R. Then G' Is called
a subgraph of G.

Closures of a Relation

Let R be a relation on 5. @ Is larger than R 1f 191> IR, Notice That
1# Q =R then 191 > IRI. :

The reflexive closure of R Is the smallest reflexive relation Q such thet
R E0.

R folls 1o be reflexive on S If there Is sone a& S such that (a,8) & R.
“Thus the reflexlve ciosure of R s R together with Just snough mddltlonal palrs
of the form (a,8) to make this new reletion reflexlve.

The symmetrlc closure of R |s the smallest symnetric relatlon Q such That Q=2 R.
The +ransitive closure of R 1s the smaliest transitlve ralation Q such thai
Q= R.
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Let R be a ralation on S. Two elements a,b of § are sald 7o be connected
If there ls a saquenca
8= Py Pos 05, e = b
of elements In 5 such That
Py R Plag for 1 =}, 2, ... m=k.
Such a sequence will be called a chaln from a To b.
The graph of o symmetric relation on S Is sald to be connected If asny wo
elements In 5 are connected,

: ' Let G be the graph of a relation on 5. Let G' be a subgraph of 6. Le¥
p be the statement "6 Is connected" and q be the statement”B' is connected.”
None of The followlng statemenis are frua in all cases,

PAQ
5 P A~q

1 ~PAQ

y ~P A~
; Lat G' be connected. |f every other subgraph H,of G, such that H=26' is not
;!.. connected, then &' Is a maximel connected subgraph of G. (G' is sometimes
=1 cal led a component of G.)
WO . _
= i+ G Is the graph of a relatlon R on S then the maximal connecfed subgraphs 1

of G partition S. In this way each relation R on 5 corresponds to an equlv-
alence relation on S. This equivalence relation witl be the symmetric,
refloxive, transitive closure of R, and Its equivalence clesses wlli be The
! maximal connected subgraphs of the graph of R.
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